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A thermal tomography problem, i.e., the shape identification problem or inverse geometry problem, in estimating

the interfacial geometry for three-dimensional multiple region domains is examined in this study based on the

conjugate gradient method (or the so-called iterative regularizationmethod) and commercial code CFD-ACE+. The

presentwork is classified as the function estimation in the thermal tomography calculation, since it is assumed that no

prior information is available on the functional form of the unknown interfacial geometry. The accuracy of this

thermal tomography analysis is examined using the simulated temperatures measured by an imaginary infrared

scanner. Different temperature-measurement positions and errors are considered in the numerical experiments to

justify the validity of the present algorithm in solving the three-dimensional thermal tomography problem. Finally, it

is concluded that the reliable interfacial configurations can be estimated by the conjugate gradient method.

Nomenclature

h = heat transfer coefficient
J = functional defined by Eq. (4)
J0 = gradient of functional defined by Eq. (21)
k = thermal conductivity
M = the total number of extracting points for the

measured temperatures
n = the outward normal unit vector
P�x; y� = direction of descent defined by Eq. (6)
T�x; y; z� = estimated temperature
Y = measured temperature
� = search step size
��x; y� = unknown irregular interfacial configuration
� = conjugate coefficient
� = perturbed value
�T�x; y; z� = sensitivity function defined by Eqs. (8) and (9)
���� = Dirac delta function
" = convergence criterion
��x; y; z� = Lagrange multiplier defined by Eqs. (17) and

(18)
� = standard deviation of the measurement error
� = computational domain
! = random number

Superscript

n = iteration index

Subscripts

1 = region 1
2 = region 2

I. Introduction

T HE applications of inverse heat conduction problems can be
found in several engineering fields to estimate the unknown

thermal quantities, such as the determination of unknown thermal
properties [1], heat fluxes [2] and heat sources [3], etc., when the
geometry of the physical problem under consideration is known.

However, when the geometry of the problems is unknown and to
be estimated, the techniques of thermal tomography problem, i.e., the
shape identification problem or inverse geometry problem, should be
used to estimate the unknowndomain configurations. For the thermal
tomography problem, due to its inherent nature, it requires a
complete regeneration of the mesh as the geometry evolves. More-
over, the continuous evolution of the geometry itself poses certain
difficulties in arriving at analytical or numerical solutions. For this
reason it is necessary to use an efficient technique to handle the
problems with irregular surface geometry, especially in a three-
dimensional application.

The thermal tomography problems, including the shape or cavity
estimation, have been solved by a variety of numerical methods [4–
8]. Huang and his coworkers have used the gradient based algorithm
together with the boundary element technique or commercial code
CFD-ACE+ [9] to the inverse geometry problems and have published
a series of relevant works for the two-dimensional [10–13] and three-
dimensional applications [14,15]. It should be noted that the above
references are all to determine the unknown boundary configurations
in a single region domain. In [13], it is a multiple domain problem,
but is still in determining the boundary configurations.

The thermal tomography problem in estimating the unknown
interfacial configurations in a multiple region domain is very
limited in the literature. This kind of approach can be applied to
many engineering applications such as the interface geometry
identification for the composite material and for the phase change
(Stefan) problems, ice thickness estimation in a thermal storage
system and crystal growth estimation, etc. Moreover, this technique
can also be used to enhance the cooling rate for the composite
material [16].

Recently, Huang and Shih [17] applied the techniques of the
conjugate gradient method (CGM) and boundary element method to
estimate the interfacial geometry in a multiple region domain. The
accuracy of the thermal tomography problem is examined by using
the simulated temperature measurements. Finally it is concluded that
the CGM can estimate the reliable interfacial configuration.

The objective of the present inverse geometry problem is to
estimate the unknown interfacial configurations in a three-
dimensional multiple region domain by using the commercial code
CFD-ACE+. This software is available for solving fluid dynamic and
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heat transfer problems and the advantage of calling CFD-ACE+ as a
subroutine in the present thermal tomography calculation lies in that
its auto mesh function enables the handling of this moving boundary
problem. If one can devise a thermal tomography algorithm, which
has the ability to communicate with CFD-ACE+ code by means
of data transportation, a generalized three-dimensional inverse
geometry problem can thus be established.

The CGM is also called an iterative regularization method [18],
which means the regularization procedure is performed during the
iterative processes and thus the determination of optimal regular-
ization conditions is not needed. The CGM derives from the
perturbation principles and transforms the inverse geometry problem
to the solution of three problems, namely, the direct, sensitivity and
the adjoint problem.

These three problems can be solved by CFD-ACE+ and the
calculated results are used in the CGM for thermal tomography
calculations. A sequence of forward steady-state heat conduction
problems is solved by CFD-ACE+ in an effort to update the
interfacial geometry by minimizing a residual measuring the differ-
ence between estimated and measured temperatures at the temper-
ature extracting locations.

Finally the solutions for this study with three different irregular
interfacial geometries will be illustrated to show the validity of using
the CGM in the present three-dimensional thermal tomography
problem.

II. Direct Problem

The following three-dimensional heat conduction model in a
multiple region domain is considered to illustrate the methodology
for developing expressions for use to determine the interfacial
geometry. The boundary conditions for region �1 are assumed
insulated at x� 0, L1 and y� 0, L2 and is subjected to a Robin
condition at z� 0 with an ambient temperature,T1h, and a heat
transfer coefficient, h. Similarly, the boundary conditions for region
�2 are also insulated at x� 0,L1 and y� 0,L2 and is also subjected
to a Robin condition at z� L3 with an ambient temperature, T1c,
and a heat transfer coefficient, h.

A perfect contact condition is applied to the interface condition on
�, i.e., the temperature and heat flux on� are the same in both�1 and
�2 domains. Figure 1a shows the geometry and the coordinates and
Fig. 1b indicates the grid system for the three-dimensional multiple
region domains considered here.

The dimensional mathematical formulation of this three-
dimensional heat conduction problem is given in region �1 as

@2T1��1�
@x2

� @
2T1��1�
@y2

� @
2T1��1�
@z2

� 0; in �1 (1a)

@T1��1�
@x

� 0; at x� 0 and L1 (1b)

Fig. 1 The domain structure for the present study: a) geometry and coordinates and b) grid system.
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@T1��1�
@y

� 0; at y� 0 and L2 (1c)

� k1
@T1��1�
@z

� h�T1h � T1�; at z� 0 (1d)

and in region�2 as

@2T2��2�
@x2

� @
2T2��2�
@y2

� @
2T2��2�
@z2

� 0; in �2 (2a)

@T2��2�
@x

� 0; at x� 0 and L1 (2b)

@T2��2�
@y

� 0; at y� 0 and L2 (2c)

� k2
@T2��2�
@z

� h�T2 � T1c�; at z� L3 (2d)

Interfacial conditions for regions �1 and �2 on ��x; y� are

T1��1� � T2��2�; on the unknown interface ��x; y� (3a)

k1
@T1��1�
@n

� k2
@T2��2�
@n

; on the unknown interface ��x; y�

(3b)

Here subscripts 1 and 2 denote two different domains with thermal
conductivity k1 and k2, respectively, and n denotes the outward
normal unit vector. The above direct problem is solved by the
commercial package CFD-ACE+ for the reason that it has the
function of auto mesh.

The direct problem considered here is concerned with the
determination of the domain temperature distributions when the
interfacial geometry on ��x; y�, thermal properties and the boundary
conditions are given and known.

III. Thermal Tomography Problem

For the thermal tomography problem, the interfacial geometry on
��x; y� is regarded as being unknown, but everything else in direct
problem, i.e. Eqs. (1–3) are known. In addition, simulated
temperature readings taken by an imaginary infrared scanner on
either the bottom surface Sbottom at z� 0 or on the top surface Stop at
z� L3 are considered available. In this work no real measured
temperatures were used, instead, the simulated values of measured
temperatures on Sbottom or Stop are generated by using the exact
geometry of the interfacial surface in the solution of direct problem.
Then try to retrieve the geometry of the interfacial surface by using
the simulated measured temperatures on Sbottom or Stop and the
technique of the CGM.

Fig. 2 When using � � 0:0, ��x; y�0 � 0:015 m and Y�Sbottom� in case 1: a) exact and b) estimated interfacial configurations ��x; y�.
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Referring to Fig. 1, let the temperature reading taken by infrared
scanners on the bottom surface Sbottom be denoted by Y�Sbottom� �
Y�xm; ym�, m� 1 to M, where M represents the total number of
extracting points for the measured temperatures. It should be noted
that the measured temperature Y�Sbottom� should contain measure-
ment errors. This three-dimensional thermal tomography problem
can be stated as follows: by using the above mentioned measured
temperature data Y�Sbottom�, estimate the unknown geometry of the
interfacial surface, z� ��x; y�.

The solution of the present thermal tomography problem is to be
obtained in such a way that the following functional is minimized:

J���x;y�	�
XM
m�1
�T1�xm;ym;0��Y1�xm;ym;0�	2

�
Z
L2

y�0

Z
L1

x�0
�T1�x;y;0��Y1�x;y;0�	2��x�xm���y�ym�dxdy (4a)

where ���� is the Dirac delta function and T1�xm; ym; 0� are the
estimated or computed temperatures at z� 0 at the temperature
extracting points �xm; ym; 0�. These quantities are determined from
the solution of the direct problem given previously by using an
estimated ��x; y� for the exact ��x; y�.

When the imaginary infrared scanners are placed at z� L3, i.e.,
top surface, the following functional should be used:

J���x;y�	�
XM
m�1
�T2�xm;ym;L3��Y2�xm;ym;L3�	2

�
Z
L2

y�0

Z
L1

x�0
�T2�x;y;L3��Y2�x;y;L3�	2��x�xm���y�ym�dxdy (4b)

IV. Conjugate Gradient Method for Minimization

The following iterative regularization algorithm based on the
CGM [18] is used for the estimation of unknown interfacial geometry
��x; y�, the expressions can be obtained as

�n�1�x; y� � �n�x; y� � �nPn�x; y�; for n� 0; 1; 2; 
 
 
 
 
 
 (5)

where �n is the search step size in going from iteration n to iteration
n� 1,Pn�x; y� is the direction of descent (i.e. search direction) given
by

Pn�x; y� � J0n�x; y� � �nPn�1�x; y� (6)

which is a conjugation of the gradient direction J0n�x; y� at iteration n
and the direction of descent Pn�1�x; y� at iteration n � 1. The
conjugate coefficient is defined as

�n �
R
��J0n�2 d�R

��J0n�1�2 d�
; with �0 � 0 (7)

It is noted that when �n � 0 for any n in Eq. (6), the direction of
descent Pn�x; y� becomes the gradient direction, i.e., the steepest
descent method is obtained. The convergence of the above iterative
procedure in minimizing the functional J is guaranteed in [19].

To perform the iterations according to Eq. (5), the step size �n and
the gradient of the functional J0n�x; y� need be computed. To develop
expressions for the determination of these two quantities, a
“sensitivity problem” and an “adjoint problem” are constructed as
described below.

A. Sensitivity Problem and Search Step Size

The sensitivity problem is obtained from the original direct
problem defined in Eqs. (1–3) by assuming that when z� ��x; y�
undergoes a variation ���x; y� in z direction only, T1 and T2 is
perturbed by �T1 and �T2, respectively. Then replacing � in the
direct problem by ����, T1 by T1 ��T1 and T2 by T2 ��T2,
subtracting the resulting expressions from the direct problem and
neglecting the second-order terms, the following sensitivity problem
for the sensitivity functions�T1 and�T2 are obtained. In region�1,

@2�T1��1�
@x2

� @
2�T1��1�
@y2

� @
2�T1��1�
@z2

� 0; in �1 (8a)

@�T1��1�
@x

� 0; at x� 0 and L1 (8b)

@�T1��1�
@y

� 0; at y� 0 and L2 (8c)

� k1
@�T1��1�

@z
��h�T1; at z� 0 (8d)

and in region �2,

@2�T2��2�
@x2

� @
2�T2��2�
@y2

� @
2�T2��2�
@z2

� 0; in �2 (9a)

@�T2��2�
@x

� 0; at x� 0 and L1 (9b)

@�T2��2�
@y

� 0; at y� 0 and L2 (9c)

Fig. 3 When using � � 0:0 and ��x; y�0 � 0:015 m in case 1:

a) simulatedmeasured and b) estimated surface temperatures on Sbottom.
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� k2
@�T2��2�

@z
� h�T2; at z� L3 (9d)

Interfacial conditions for regions �1 and �2 can be obtained as

�T1��1� � T1��1; ����� � T1��1; ��

� ��
@T1
@z

; on ��x; y� (10a)

�T2��2� � T2��2; ����� � T2��2; ��

� ��
@T2
@z

; on ��x; y� (10b)

It should be noted that the sensitivity problems are now decoupled
as two independent problems since the interfacial conditions become
independent to each other now. This differs from our previous
relevant works [10–15]. The above two sensitivity problems can be
solved by the commercial package CFD-ACE+ separately.

Based on Eqs. (3) and (10), the following interfacial conditions
can also be obtained:

�T1��1� �
k2
k1

�T2��2�; on ��x; y� (11a)

k1
@�T1��1�

@n
� k2

@�T2��2�
@n

; on ��x; y� (11b)

The above two equations are needed in deriving the interfacial
conditions for adjoint problem. The functional J��n�1� for iteration
n� 1 is obtained by rewriting Eq. (4a) as

J��n�1� �
XM
m�1
�T1�xm; ym; 0; �n � �nPn� � Y1�xm; ym; 0�	2 (12)

where we have replaced �n�1 by the expression given by Eq. (5). If
temperature T1�xm; ym; 0; �n � �nPn� is linearized by a Taylor
expansion, Eq. (12) takes the form

J��n�1� �
XM
m�1
�T1�xm; ym; 0; �n� � �n�T1�xm; ym; 0;Pn�

� Y1�xm; ym; 0�	2 (13)

where T1�xm; ym; 0; �n� is the solution of the direct problem by using
the estimate ��x; y� for exact ��x; y� at the measured positions
�xm; ym; 0�. The sensitivity function �T1�xm; ym; 0;Pn� is taken as
the solutions of problems (8–10) at the measured positions
�xm; ym; 0� by letting ��� Pn.

The search step size�n is determined byminimizing the functional
given by Eq. (13) with respect to�n. Finally the following expression
can be obtained:

Fig. 4 The estimated interfacial configurations��x; y�using� � 0:0 anda)��x; y�0 � 0:085 m andY�Sbottom� andb)��x; y�
0 � 0:015 m andY�Stop� in

case 1.
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�n �
P

M
m�1�T1�xm; ym; 0� � Y1�xm; ym; 0�	�T1�xm; ym; 0�P

M
m�1��T1�xm; ym; 0�2	

(14)

When the imaginary infrared scanners are placed at z� L3, i.e., on
top surface Stop, T1, Y1 and 0 should be replaced by T2, Y2 and L3 in
Eq. (14), respectively.

B. Adjoint Problem and Gradient Equation

Toobtain the adjoint problems, Eqs. (1a) and (2a) aremultiplied by
the Lagrange multipliers (or adjoint functions) �1��1� and �2��2�,
respectively, and the resulting expression is integrated over the
corresponding space domains. The result is then added to the right-
hand side of Eq. (4a) to yield the following expression for the
functional J���x; y�	:

J���x; y�	 �
Z
L2

y�0

Z
L1

x�0
�T1�x; y; 0�

� Y1�x; y; 0�	2��x � xm���y � ym� dx dy

�
Z
�1

�1

�
@2T1
@x2
� @

2T1
@y2
� @

2T1
@z2

�
d�1

�
Z
�2

�2

�
@2T2
@x2
� @

2T2
@y2
� @

2T2
@z2

�
d�2 (15)

The variation �J is obtained by perturbing � by ��, T1 by �T1
and T2 by�T2 in Eq. (15), subtracting the resulting expression from

the original Eq. (15) and neglecting the second-order terms. This
yields

�J�
Z
L2

y�0

Z
L1

x�0
2�T1 � Y1��T��x � xm���y � ym� dx dy

�
Z
�1

�1

�
@2�T1
@x2

� @
2�T1
@y2

� @
2�T1
@z2

�
d�1

�
Z
�2

�2

�
@2�T2
@x2

� @
2�T2
@y2

� @
2�T2
@z2

�
d�2 (16)

In Eq. (16), the domain integral term is reformulated based on
Green’s second identity; the boundary conditions of the sensitivity
problems are used and then �J is allowed to go to zero. The
vanishing of the integrands containing �T1 and �T2 leads to the
following adjoint problems for determining the values of �1��1� and
�2��2). In region �1,

@2�1��1�
@x2

� @
2�1��1�
@y2

� @
2�1��1�
@z2

� 0; in �1 (17a)

@�1��1�
@x

� 0; at x� 0 and L1 (17b)

@�1��1�
@y

� 0; at y� 0 and L2 (17c)

Fig. 5 The estimated interfacial configurations ��x; y� with ��x; y�0 � 0:015 m and Y�Sbottom� in case 1 using a) � � 0:1 and b) � � 0:2.
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� @�1��1�
@z

�� h
k1
�1

� 2�T1 � Y1	��x � xm���y � ym�; at y� 0 (17d)

In region �2,

@2�2��2�
@x2

� @
2�2��2�
@y2

� @
2�2��2�
@z2

� 0; in �2 (18a)

@�2��2�
@x

� 0; at x� 0 and L1 (18b)

@�2��2�
@y

� 0; at y� 0 and L2 (18c)

� @�2��2�
@z

� h

k2
�2; at z� L3 (18d)

Interfacial conditions for regions �1 and �2 are

�1��1� �
k1
k2
�2��2�; on ��x; y� (19a)

k2
@�1��1�
@n

� k1
@�2��2�
@n

; on ��x; y� (19b)

It should be noted that when the imaginary infrared scanners are
placed at z� L3, i.e., upper surface, the term 2�T1 � Y1	��x �
xm���y � ym� should be moved from Eq. (17d) and the term 2�T2 �
Y2	��x � xm���y � ym� should be added to the right-hand side of
Eq. (18d). The commercial package CFD-ACE+ is used to solve the
above adjoint problems.

Finally all terms are used to set up the above complete expressions
for adjoint problems and nothing is left for the determination of
gradient equation. This also differs from our previous relevant
studies [10–15]. One of the used integral terms obtained from the
integration by parts should be used again in determining the gradient
equation; this term is defined as an overused condition.

The integral term containing ���x; y� should be used again to
obtain the expression of gradient equation for use in the conjugate
gradient algorithm, even thought it was used implicitly as the
interfacial condition to obtain Eq. (19b). Finally the following
expression can be obtained:

�J�
Z
�

�
� @T1
@z

@�1
@n

�
�

��d� (20a)

Fig. 6 When using � � 0:0, ��x; y�0 � 0:015 m and Y�Sbottom� in case 2: a) exact and b) estimated interfacial configurations ��x; y�.
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From definition [18], the functional increment can be presented as

�J�
Z
�

J0�x; y���d� (20b)

A comparison of Eqs. (20a) and (20b) leads to the following
expression for the gradient of functional J0�x� of the functional
J���x; y�	:

J0�x; y� � � @T1
@z

@�1
@n

����
�

(21a)

Similarly,when the imaginary infrared scanners are placed at z� L3,
the following gradient equation should be applied:

J0�x; y� � � @T2
@z

@�2
@n

����
�

(21b)

C. Stopping Criterion

If the problem contains no measurement errors, the traditional
check condition is specified as

J��n�1�x; y�	< " (22a)

where " is a small-specified number. However, the observed
temperature data may contain measurement errors. For this reason
we do not expect the functional Eq. (4) to be equal to zero at the final
iteration step. Following the experiences of the authors in [10–
15,18], the discrepancy principle can be applied as the stopping
criterion, i.e., it is assumed that the temperature residuals may be
approximated by

T1�xm; ym; 0� � Y1�xm; ym; 0� � � (22b)

where � is the standard deviation of the measurements, which is
assumed to be a constant. Substituting Eq. (22b) into Eq. (4), the
following expression is obtained for stopping criteria ":

"�M�2 (22c)

V. Computational Procedure

The computational procedure for the solution of this thermal
tomography problem using CGM may be summarized as follows:

Suppose �n�x; y� is available at iteration n:
1) Solve the direct problem given by Eqs. (1–3) for T1��1� and

T2��2�.
2) Check the stopping criterion given by Eq. (22a) with " given by

Eq. (22c). Continue if not satisfied.
3) Solve the adjoint problems given by Eqs. (17–19) for �1��1�

and �2��2�.
4) Compute the gradient of the functional J0 from Eq. (21).
5) Compute the conjugate coefficient �n and direction of descent

Pn from Eqs. (7) and (6), respectively.
6) Set ���x; y� � Pn�x; y�, and solve the sensitivity problems

given by Eqs. (8–10) for �T1��1� and �T2��2�.
7) Compute the search step size �n from Eq. (14).
8) Compute the new estimation for �n�1�x; y� from Eq. (5) and

return to step 1.

VI. Results and Discussions

To examine the validity of the present thermal tomography
algorithms in determining interfacial surface configuration ��x; y�
for a multiple region domain from the knowledge of temperature
recordings by an imaginary infrared scanner, three specific examples
are considered where the boundary geometry on ��x; y� is assumed
as amixed trigonometry function or a step function, respectively. The
goal of the present work is to show the accuracy of this algorithm in

estimating interfacial configuration��x; y�with no prior information
on the functional form of the unknown quantities.

To compare the results for situations whenmeasurement errors are
considered randomly, the normally distributed uncorrelated errors
with zeromean and constant standard deviation are considered in this
work. The simulated inexact measurement data Y can thus be
expressed as

Y � Yexact � !� (23)

where Yexact is the solution of direct problem on the measurement
surface with an exact ��x; y�; � is the standard deviation of the
measurements; and ! is a random variable that generated by
subroutine DRNNOR of the IMSL [20] and will bewithin�2:576 to
2.576 for the 99% confidence bounds.

When the depth of the interface from the measuring surface is
large, the temperature distribution on themeasuring surface becomes
irrelevant to the shape of interface and this makes it impossible to
identify the shape of interfacial surface. In all the test cases
considered here we have chosen L1�length in x direction��
L2�length in y direction� � 0:5 m, L3�length in z direction��
0:1 m, T1h � 100
C, T1c � 10
C, k1 � 190 W=m-K,
k2 � 48 W=m-K and h� 150 W=m2-K. The grid number in x, y
and z directions are taken as 51 � 51 � 41. The imaginary infrared
scanner be placed either on z� 0, i.e., on the bottom surface, or on
z� L3, i.e., on the top surface.

Fig. 7 When using � � 0:0 and ��x; y�0 � 0:015 m in case 2:

a) simulatedmeasured and b) estimated surface temperatures on Sbottom.
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Three numerical experiments in determining ��x; y� by the
present inverse analysis are presented below:

A. Numerical Test Case 1

The unknown interfacial configuration at z� ��x; y� is assumed
to vary with x and y in the following form:

��x; y� � 0:05� 0:015 � sin�4�x� � cos�4�x�;
0 � x; y � 0:5 m

(24)

Firstly the inverse analysis is performed by assuming exact
measurements, i. e. � � 0:0, ��x; y�0 � 0:015 m and the imaginary
infrared scanner is placed on z� 0, i.e., on the bottom surface. By
setting convergent criterion "� 0:5 and after eight iterations the
shape of interfacial surface ��x; y� can be estimated.

The exact and estimated shapes of ��x; y� by using CGM are
shown in Figs. 2a and 2b, respectively, while the measured and
estimated surface temperatures on Sbottom are illustrated in Figs. 3a
and 3b, respectively.

The average relative errors for the exact and estimated surface
configurations and for the measured and estimated temperatures are
calculated ERR1� 1:711% and ERR2� 0:003%, respectively,
where the average relative errors ERR1 and ERR2 are defined as

ERR1�
XN
n�1

XM
m�1

������xn; ym� � �̂�xn; ym�
��xn; ym�

������N �M� � 100%

(25a)

ERR2�
XN
n�1

XM
m�1

����T�xn; ym� � Y�xn; ym�Y�xn; ym�

������N �M� � 100%

(25b)

HereN � 51 andM� 51 represent the total discreted number of grid
in x and y directions, respectively, and (N �M) indicates the total

number of the unknown parameters, while � and �̂ denote the exact
and estimated values of interfacial surface configurations.

It is clear from the abovefigures and relative average errors that the
present inverse scheme obtained good estimation for ��x; y� and the
CPU time on Pentium IV-3 GHz PC is about 320 min.

Next it is of interest to examine the estimation by using different
initial guess as well as different measured position. When
considering ��x; y�0 � 0:085 m, after nine iterations the shape of
interfacial surface��x; y� can be estimated and it is plotted in Fig. 4a.
The average relative errors are calculated ERR1� 1:758% and
ERR2� 0:003%, respectively. Then the measured position is
switched to z� L3, i.e., on the top surface and performed the same
inverse calculations also using ��x; y�0 � 0:085 m. After 11
iterations the interfacial surface ��x; y� can be estimated and is
shown in Fig. 4b. The average relative errors are calculated ERR1�
2:810% and ERR2� 0:012%, respectively.

Based on the estimated results of the above numerical experiments
it was found that when the condition of no measurement error, i.e.
� � 0:0, is considered, a very accurate interfacial geometry can be
obtained by varying initial guess as well as measured position.

Fig. 8 The estimated interfacial configurations ��x; y� with ��x; y�0 � 0:015 m and Y�Sbottom� in case 2 using a) � � 0:1 and b) � � 0:2.
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Finally, let us discuss the influence of the measurement errors on
the inverse solutions. First, the measurement error for the simulated
temperatures measured by infrared scanners on bottom surface
Sbottom is taken as � � 0:1. The estimation for��x; y� can be obtained
after only six iterations (CPU time is about 240min) and is plotted in
Fig. 5a. The relative average errors ERR1 andERR2 are calculated as
ERR1� 3:646% and ERR2� 0:024%, respectively. The measure-
ment error for the temperatures is then increased to � � 0:2. After
onlyfive iterations (CPU time is about 200min) the estimated��x; y�
is obtained and illustrated in Fig. 5b. ERR1 and ERR2 are calculated

as 4.710 and 0.046%, respectively. From the above results it can be
concluded that the reliable inverse solutions can still be obtained
when reasonable measurement errors are considered.

B. Numerical Test Case 2

In the second test case, ��x; y� is taken as

��x; y� � 0:05� 0:015 � sin�8�x� � cos�8�x�;
0 � x; y � 0:5 m

(26)

Fig. 9 When using � � 0:0, ��x; y�0 � 0:015 m and Y�Sbottom� in case 3: a) exact and b) estimated interfacial configurations ��x; y�.

Fig. 10 When using � � 0:0 and ��x; y�0 � 0:015 m in case 3: a) simulated measured and b) estimated surface temperatures on Sbottom.
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This shape of interfacial surface represents more oscillatory behavior
than in case 1. The imaginary infrared scanner is also placed on the
bottom surface and ��x; y�0 � 0:015 m is used in the calculations.

The inverse analysis is first performed by assuming � � 0:0, by
setting convergent criterion "� 0:5 and after 25 iterations the shape
of interfacial surface ��x; y� can be estimated. The exact and
estimated shapes of ��x; y� are shown in Figs. 6a and 6b,
respectively, and the measured and estimated surface temperatures
on Sbottom are illustrated in Figs. 7a and 7b, respectively. The average
relative errors for the exact and estimated surface configurations and
for the measured and estimated temperatures are calculated ERR1�
4:141% and ERR2� 0:003%, respectively.

Next, error measurement will be considered in the numerical
experiments. First, the measurement error for the simulated
temperatures measured by infrared scanners on the bottom surface
Sbottom is taken as � � 0:1. After eight iterations (CPU time is about
320min), the estimated��x; y� can be obtained and shown in Fig. 8a.
The relative average errors ERR1 and ERR2 are calculated as
ERR1� 8:304% and ERR2� 0:024%, respectively. Then, the
measurement error for the temperatures is increased to � � 0:2. The
estimated��x; y� can be obtained after onlyfive iterations (CPU time
is about 200 min) and plotted in Fig. 8b. ERR1 and ERR2 are
calculated as 9.732%and 0.047%, respectively. FromFigs. 8a and 8b
we concluded that the reliable inverse solutions can still be obtained
when largemeasurement errors are included. Again, this implies that
the CGM is not sensitive to the measurement errors.

C. Numerical Test Case 3

In the third test case, a stricter ��x; y� is taken as a step function,
i.e.,

��x; y� �
�
0:04; 0 � x; y < 0:25 m

0:06; 0:25 � x; y < 0:5 m
(27)

The imaginary infrared scanner is placed on the bottom surface and
��x; y�0 � 0:015 m is used in the calculations like numerical test
case 2.

First, the inverse calculation is performed by considering � � 0:0
and "� 0:5. After 12 iterations the shape of interfacial surface
��x; y� can be estimated. The exact and estimated shapes of ��x; y�
are shown in Figs. 9a and 9b, respectively. The measured and
estimated surface temperatures on Sbottom are illustrated in Figs. 10a
and 10b, respectively. ERR1 and ERR2 are obtained as ERR1�
3:496% and ERR2� 0:003%, respectively.

Error measurements are then considered in the numerical
experiments. The measurement error with � � 0:1 is included. After
six iterations (CPU time is about 240 min), the estimated ��x; y� is
obtained and shown in Fig. 11a. The relative average errors ERR1
and ERR2 are calculated as ERR1� 4:988% and ERR2� 0:026%,
respectively. Then � � 0:2 is considered and the estimated ��x; y�
can be obtained after only five iterations (CPU time is about
200 min). The result is given in Fig. 11b and ERR1 and ERR2 are

Fig. 11 The estimated interfacial configurations ��x; y� with ��x; y�0 � 0:015 m and Y�Sbottom� in case 3 using a) � � 0:1 and b) � � 0:2.
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calculated as 6.098 and 0.046%, respectively. Again, this implies that
the CGM is not sensitive to the measurement errors.

From the above three numerical test cases, it was concluded that
the CGM is now applied successfully in this three-dimensional shape
identification problem for predicting the unknown interfacial surface
configurations.

VII. Conclusions

The present three-dimensional thermal tomography problem in
estimating the unknown interfacial surface for a multiple region
domain using the Conjugate Gradient Method was successfully
examined by using simulated temperature readings. Several test
cases involving different functional forms of the unknown interfacial
configuration, different measurement positions and errors were
considered. The results show that when considering exact measure-
ment very accurate estimation can always be obtained. When
measurement errors were included, reliable estimation can still be
obtained and this makes the present algorithm has the superiority in
executing the thermal tomography problems.
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